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APPLICATION OF THE INVESTOR'S PROBLEM TO FINANCIAL
MARKET OF SECURITIES

3ACTOCYBAHHA 3AJJAYI IHBECTOPA OO0 TOPT'IBJII HIHHUMU
ITAITEPAMUA

The article investigates the application of the investor problem to securities trading in
single-period and multi-period models. The investor has to determine at stage t the sum X, he
invests in the purchase of securities (shares or options), if from previous historical data he
knows the distribution function of a random variable S,— the share price, provided that with

E(S,) <oo in period t. The investor's income is a random variable Y, , at stage t. In addition,

the investor knows the bank interest rates on both deposit and loan. The relevance of this study is
of particular importance in a crisis; in particular, the study of the relationship between the
optimal investment in securities (in terms of profit maximization) and the management and
measuring of the risk of such investment comes to the fore. This problem can be solved by the
existence of a close relationship between the optimal investment and the measurement of risk
given by stochastic optimization. It is possible because the average value-at-risk AV@R is
related to a simple stochastic optimization problem with a piecewise linear profit/cost function
and maximal value is attained. The problem includes consideration of two possible scenarios:

when the income Y,,, at the end of the period is more than the investment X, at the beginning of

the period and when the income is less than the investment and there is a shortfall. The result of
the work is the formulation of four statements about the values of optimal investments in stocks
and options in the single-period and multi-period models and about the potential maximum
profits for such applying such a strategy. It turned out that the value of optimal investment can
be directly expressed in terms of VaR of some probability level, and this level is expressed in
terms of credit and deposit interest rates an characterizes the state of the national economic
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environment. The results of the theoretical study were illustrated on real financial data using two
models of financial markets. In the first model, the stock movement obeys the geometric
Brownian motion (GBM model). The second model was a model in which the movement of risky
assets is described by generalized diffusion with a new fractal time (FAT model). The results of
optimal investments for both models were compared with the fair price obtained by the Black-
Scholes formula. The results of the study conducted in this work were used to develop
recommendations for making decisions about optimal investments in securities (stocks, options)
to obtain speculative income in stock trading.
Keywords: investor problem, measuring risk, value at risk, risk management.

Y cmammi Oocniodceno 3acmocysanns npooremu iHeecmopa 00 MOp2ieni YiHHUMU
nanepamu 8 0OHONepioOHil i bacamonepioduiti moodensx. I[neecmop nosumen GuHAYUMU HA

emani t cymy X, AKy 6in 6K1a0Ac 6 Kynieno yinnux nanepie (axyiii abo onyionie), AKujo 3
NONepeoHix ICMOPUUHUX CIAMUCMUYHUX OAHUX UOMY BI00OMULL PO3NOOLL BUNAOKOBOI GeIUYUUHU
S,— yinu axyiti, 3a ymosu, wo E(S,) < oo 6 nepiod t, a 0oxi0 ineecmopa usHavaemvcsi

BUNAOKOBOIO BETIUYUHOIO Yt+1

Ha emani t. Kpim yvoeo ineecmopy 6i00Mo OAHKIBCLKI NPOYEeHMHI
CMAaeKu SIK Ha Oeno3um, maxk i Ha Kpeoum. AKmyanvHicmb 0aH020 00CNiOXdCeHHs Habyeac
0CcOOIUBO2O 3HAUEHHS 8 YMOBAX KPU30BUX ABUW, 30KpeMd, HA nepuiull niam uxooums
00CNI0NCEeHHS 38 'A3KY MIdNC ONMUMANbHUM IHBECMY8AHHA V UYIHHI nanepu (3 mMOuKU 30Dy
maxcumizayii npubymky) ma ynpasiiHHAM I 0OUUCTEeHHAM PUBUKY MaKo2o ineecmyeanis. [lane
3a80anHs Modce Oymu 8UPIULEHO 3a PAXYHOK ICHY8AHHA OIU3LKO20 38 A3K) MIdC ONMUMANbHUM
IHBECMYBANHHAM MA SUMIPIOBAHHAM PUSUKY, WO 0AEMbCA cmoxacmuunolo onmumizayicio. Lle
Modcniu6o 60 cepedHe 3HauenHs pusuxy AVaR (ak Ona  oOHonepioonoi maxk i 0aa
bazamonepioOnoi modenetl) UABULOCHL NOB SA3AHUM i3 NPOCMOI0 CIMOXACMUYHOIO NPOOIEMOIO i3
KYCKOBO-HenepepaHolo QyHkyicto doxody/smpam ma, AK paniuie 0y10 008€0eHO, MAKCUMATbHE

3HaueHHa yiei pyukyii oocseaemoca. Ilocmanoska 3a0ayi 6KAIOYAE PO32TS0 OBOX MONCIUBUX
cyenapiis: ko Ooxio Y, 6 Kkinyi nepiody Oinvuie éxiadenux inéecmuyiti X, Ha NOYAMKY

nepiody ma Koiu 00Xi0 MeHuie 8K1a0eHux iHeecmuyiii i 8i00ysacmuvca oeiyum. Pesyromamom
pobomu cmano QOpMYNIOBAHHA UOMUPLOX MBEPONHCEHb U000 GEAUYUH  ONMUMATLHUX
iHeecmuyiti 6 axyii i onyioHu 6 0O0HONEepioOHill ma 6azamonepiooHil MoOenIx ma wooo
NOMEHYIUHUX MAKCUMATbHUX NPUOYMKIE Npu 3acmocyeanHi makoi cmpameeii. Buasunocwo, wo
BEIUYUHY ONMUMANILHUX [HBECMUYILl MONCHA HANpaAMy eupasumu depe3 VaR oesaxoeo pigHs
anvga, a yeu pigensb GUPANCAEMbCS Yepe3 GeNUYUHU KPeOUMHUX | 0eno3umuux cmasox i €
Xapaxkmepucmukor — CMmaHy  HAYIOHANbHO20  eKOHOMIuHo20  cepedosuwa.  Pesynsmamu
meopemuyHo20 00CIIOHCeHHs 0)10 NPOLNIOCMPOBAHO HA PealbHUX (IHAHCOBUX OAHUX OJisl 080X
MoOenetli ginancosux punxie. Y nepwiiii mooeni pyx axyiti NiOKOPIOEMbCA 2e0MEeMPUUHOMY
opoyniscokomy pyxy (GBM mooens). /lpyeoro modennto cmana mooenn, y AKiti pyxX pusuKO8aHUX
aKmueie ONUCYEMbCA Y3a2aibHeHolo ouysicto 3 Hogum gpaxmanvhum yacom (FAT moodenv).
Pezynomamu onmumanvrux ineecmuyit 0ns 000x moodenel Oy10 NOPIBHAHO i3 CHPABEOIUBOIO
yinow, ompumarorw 3a ghopmynoio brexa - [lloynza. Pesynomamu 00cniodiceHHs, npo8edeHo2o 8
oauiti pobomi, 0YI0 GUKOPUCAHO O]l PO3POOKU DEKOMeHOayill w000 NPUUHAMMS piuleHb
BIOHOCHO ONMUMANbHUX [HBECMY8AHb V YIHHI nanepu (axyii, OnyioHu) 011 OMPUMAHHSA
CNEeKYIAMUBHUX 00X00i8 ) OIpIHCO8ill MOp2iGii.

KuarouoBi cjoBa: npobiieMa iHBECTOpa, YIPaBIiHHS PU3HKOM, 3HAYCHHSI PU3UKY, PU3HK
MEHE/PKMEHT.

Introduction. For the effective organization of the securities trading, the
investor needs to correctly plan the possible investments in order to get maximal
speculative profits and to ensure minimal risk. In general, the problem is to find an
investment strategy for which EU(X(T)) is to be maximized, where E denotes the



mathematical expectation, U(+) is a utility function, and where X(T) represents the
wealth at the final time T.

There are many works devoted to different modifications of this problem
(see, e.g., Merton (1969) and survey in Hakansson (1997) and Karatzas and Shreve
(1998)). In the setting generally assumed in finance, see Merton (1990), the
coefficients are assumed to satisfy an Ito equation. Then the solution of the optimal
investment problem can be obtained via dynamic programming approach.
However, it is not easy to find the explicit solution by this method, because the
corresponding Bellman equation is usually degenerate. Explicit formulas for
optimal strategies have been obtained only for a few cases where appreciation rates
are assumed to be non-random and known. In paper [2] the optimal investment
problem was considered for a diffusion market consisting of a finite number of
risky assets and stated as a problem with a maximin performance criterion. This
criterion is to ensure that a strategy is found such that the minimum of utility over
all distributions of parameters is maximal.

Setting objectives. The purpose of this paper is to get solution of investment
problem using such probability functionals for risk measuring as VaR and AVaR
because following the financial tsunami experiences of 2008 and crisis Covid19,
the risk controls of risky assets and derivative instruments on stocks have become
tremendously important for investors. Due to our approach, the investor gets a tool,
which allows him to integrate the investment problem with risk management.

Problem statement. We consider multi-stage decision problem, which is a
multi-period generalization of the simple investment problem [1].

An investor has to determine at stage t the amount x, he will invest in a
good opportunity at stage ¢t + 1. From the regular business, he gets an income Y,
with E|Y,;| < oo at time t.

If an investor has a speculative profit from stock trading, his investment x; at
time ¢t is equal to the price of shares S, and the income from the sale of shares Y,
at time t + 1 coincides with the value S;, 1.

In the case of options trading, its investment x, at time ¢ is equal to C; - the
premium of the option (market price of the option) for a given strike price K, and the
income from the realization of options Y,,; at the moment ¢ + 1 is defined as
Y1 = [St+1 — KT in the case of call options and Y;;1 = [S;+1 — K¢~ — in the
case of put options.

If the available funds are less than the committed amount x,, a shortfall
occurs, which causes unit costs of u, > 1. If however the funds are more than x,,
the surplus can be carried over to the next period, but it loses 1 — t of its value,
where0 <[, < 1.

If the funds Y., received from the sale of securities are less than the
invested amount x;, there is a shortfall, which increases according to the
coefficient u, > 1. If Y, exceeds x;, the surplus can be carried forward, but it loses
1 — I, per unit of its value, where the discountrate is 0 < [, < 1.

Denote by k, — (random) surplus carried over from period ¢t to period ¢t + 1.
And k, = 0, then:



ke = [li—ikeeq + Y —xe4]5t=1,...,T.
And let the shortfall m,:
my = [le1key + Y —24]7
Both equations can be combined into one
li—ikiqy + Y —xi_q =k —M;; k; = 0,M; = 0. (1)
Then the Present Value of income:

T
H(xo, Yy, oy X701, Y1) = 2(%—1 —uMy) + lrky. (2)
t=1

The problem is to maximize the expected profit (2)
E(H(xg,Yy,...,xp_1,Y7)) subject to (1).

Methodology. For solving this stochastic problem, we use probability
functionals VaR, AVaR and their properties.

For one period model and for a given portfolio, time horizon T, and
probability p, the p-VaR can be defined informally as the maximum possible loss
during that time after we exclude all worse outcomes whose combined probability
Is at most p. More formally, p-VaR is defined such that the probability of a loss
greater than VaR is (at most) p while the probability of a loss less than VaR is (at
least) 1 — p. Common parameters for standard VaR are 1% and 5% probabilities
and one day and two weeks horizons, although other combinations are in use.

In context of our problem the a-quantile of the profit distribution

VaR,(¥) =G Ya), 0<a<1 (3)
is called value-at-risk of level a. Although VaR is a very popular measure of risk,
it has undesirable mathematical characteristics such as a lack of subadditivity and
convexity. As an alternative measure of risk, the average value-at-risk AVaR is
known to have better properties than VaR.

The average value-at-risk at level ¢, 0 < a < 1 of Y is defined as
a

1
AVaR,(Y) = Ef G (w)du (4)
0

where G is the distribution function of Y.

The average value-at-risk has very useful property, it may be represented as
the optimal value of the following optimization problem [1], [8]:

AVaR,(Y) = max{x — %E([Y —x]7):x € R} : (5)

Multi-period average value-at-risk. Let Y = (V;,...,Y;) be an integrable
stochastic process.

For a given sequence of constants ¢ = (cy,...,cy), probabilities « =
(ay, ..., ar), and a filtration F = (F,, ..., Fr_;), the multi-period average value-at-
risk is defined as in [1]:

AVaR, (Y;F) = ¥1_, ¢,E[AVaR,, (Y,|F,—,)].

Results of the research. One-period model. Let A be the maximum value of
the expected present value of income. If we use property (5) to the optimization
problem (1)—(2) for t = 1, then we have:



A= maxE(H) == (1 - ll)AVaRa,(Yl) + llE(Yl)’
1-1 . .
where a = — [, is a discount factor.

In this case, the optimal amount of investment is
x* =G 1(a) =VaR,(G), (6)
where G is the distribution function of Y [1].

Suppose we have a market, where S evolves GBM and there are two
banking processes with interest rate R for deposit and r for landing. Then the
following propositions are true.

Proposition 1: Under the 1-period model, the optimal decision for
investment in share is the value x* =G 1(a) =VaR,(G), where G is the
lognormal distribution function for stock price movements. The maximum value of
speculative income is

A=1-DAVaR,(G) + lE(G), (7)
-rT

where @ = 2— I, =e7'T.

Proposition 2: Under the 1-period model, the optimal decision for
investment in option is the value is x* = G~1(a), where the G is distribution
function for pay off Y = [S; — K,]* for the Call option and for Y = [S; — K,]~ for
the Put-option. The maximum value of speculative income:
for Call-option:

A= 1-1)AVaR([S; — K1]") + LE([S; — K{]P),
for Put-option:
A= (1-1)AVaR([S; — K;117) + LE([S; — Kq1]7).

Multi-period model

Fort = 2:

ky = [liky + Y, — x1]%,
My =[liky + Y, —xq]7.
Both equations can be combined into one:
Lk, +Y,—x,=k,—M,, k, =20, M, =>0.
Fort = 1 we have:
Vi —xo =k — M,
Total income function for two periods:
H(xo, Yy, x,Y5) = xg —uyM; + x; —u,M, + Ik,
According to the first period:
H(xo, Y1) = xo —usMy + Liky = xo —uq[Y; — x0]™ + 11 [Y7 — x0]"
then the total income can be written as
H(xo,Y;,x,Y5) = (xg —u M, + Liky) +x; —u,M, + Ik, — 11 kq.

Out problem is
max E(H(xo, Yi, x4, Yz)) =
= maxE(x, — u,M; + l;k;) + maxE(x; — u,M, + l,k,) — L, k;.
This can be rewritten as:
maxE(H(xO, Y1, %1, Y,)) = maxE(xo, Y1) + maxE(xy, Y5) — LE(ky).



So, the maximum value of the mathematical expectation for the total period
Is not equal to the sum of the mathematical expectations for the individual periods.
Let’s try to write this in terms of AVaR
maxE(xo, V1) = (1 — [;)AVaR, (Y1) + LE(Y;).
Easy to show that
maxE(x;,Y;) = (1 — [)AVaR,, (V) + LE(Y,).
Then
maXE(H(xO, Y1, x4, Yz)) =
=1 -1)AVaR,(Y,) + (1 = ,)AVaR,(Y,) + LE(Y,) + LE(Y,) — LE(ky).
Now we generalize formula (7) for the case t = T. Recall that A is the
maximum expected present value of the entire operation, provided that the filtering
F,_, is the result of all previous decisions x,_, at the time of period t — 1.
T

A(Yy, ., Yp, Fo, . Fr) = maX{E[Z(xt_l —uM.) + lrkr] : x;} (8)
t=1
Problem (8) has its dual representation

A(Y,, ..., Yo, Fy) = inf{z E(Y.Z, : Z € Z.)}
t=1
and can be rewritten as [1]:

A(Yy, .., Y, Fo, o, Fp) = Z ILE(Y,) +z(1 — I)E[AVaR,, (Y;|F,-1)]

Proposition 3. In a muIt| -period model the optimal price (in terms of
income) is the value
Xi = VaRBt+1(Yt+1|Ft) — lik:.
And the maximum value of speculative income for options, where
Y =[S, — K]t  for Call-option
and
Y =[S, —K,]- for Put-option,
and for Call-option

T T
D LEQS: — K1) + ) (1= IDE[AVaRg (1S, = Ko, 1S = KJ*, P,
for Put- ott?tlion -

Zl E([S; — K;] )+2(1— L)E[AVaRg ([S; — Ki17, oo, [Se — K17, F)]

Remark 1. Assume that the decision maker is a clairvoyant for each period
F;. Then x;_; = Y; is the optimal solution, M, = 0 and k; = 0 for all ¢.

Numerical results for investment in European call options on the Apple Inc.
stocks are demonstrated. We considered spot price S, = 277.0 for March 14, 2020.
The strike price for call options with maturity T = 1/12 year is set at K = 255;
260; 265; 270, the yearly volatility for returns of the underlying asset is computed



at o = 33.7 percents, the yearly riskless interest rate is set at i = 5.8%. To
illustrate the approach we propose, we consider now the case where the yearly
interest rates for borrowing is R = 5.4 and for lending is r = 1.2%. Then a = 0.82
due (6) for one month. For finding optimal investment we need to build empirically
or theoretically distribution function for payoff and then calculate a quantile for
this distribution of level a.

On the picture 1 you can see histogram of 9; = nnTlh (where n is the total

amount of data in the time series; h is the width of one column of the histogram),
histogram of 9; for S — K and histogram 9; for [S — K]*. On the picture 2
cumulative distribution function for [S — K]* was built.
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Figure 1 — Histogram for S, S — K, [S — K]
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distribution function for [S — K]*

Now we can calculate a quantile for this distribution of level @ = 0.82 and the
optimal solution according () x* = 32.49. For comparing optimal solutions for
different strike prices, we constructed Table 1.

Table 1 — The optimal solutions for different strike prices.
K $255.00 $260.00 $265.00 $270.00 $275.00

x* $32.49 $28.56 $23.34 $18.59 $13.05

GBM model. Sometimes it is possible to assume a known distribution
function for S. For example, for the Black-Scholes model it is known that returns
involve as GBM (Geometrical Brownian Motion) and stock prices S have a
lognormal distribution ( see, for example [3], [4]). The lognormal density function
is as follows:

__1 —(Inlnx —p)? / 202
fX (x) xo2m € !




where p — expectation; ¢ — standard deviation.
For u = 5.35, 0 = 33.7% we construct an integral function and calculate the
quantile for « = 0.82. Its value is x* = VaR,([S — K]*) = 32.0.
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Figure 3 — Integration distribution function and quantile for [S — K]* for GBM.
Quantiles for other values of the strike price K are given in Table 2.

Table 2 — The optimal solutions for different strike prices for GBM

K

$255.00

$260.00

$265.00

$270.00

$275.00

*

X

$32.02

$27.02

$22.02

$17.02

$12.02

FAT model. Consider a model for stock prices with fractal active time
T, t = 0:

Pt — Poe”t+6Tf+GWTt, t > 0,

where the parameters u € R and ¢ > 0 reflect the shift and volatility and 6 € R.
2
Then if the time increments 7, are RI" (g%) where § > 0, v > 0, then the
log returns have a Student's distribution [5], [6]. Thus, prices have a Student's log
distribution with density
r(5)
>571, X € R,

f— . !
oo ) = s @) e

where p is the local parameter; o is the standard deviation; o is the scaling
parameter (5§ > 0); v is the number of degrees of freedom (v > 0); I is a gamma
function [7].

From the previous statistics we obtain the following values of parameters:
u=535 06=0.34, v=05 6 = 0.8. The graph of the probability density function
Is shown in Figure 4, the integral function in Figure 5. The value of the quantile for
IS x* =VaR,
([S—K]*) =37.8.
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Figure 4 — Density distribution function [S — K]* for FAT model
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Figure 5 — Integral function distribution [S — K]* for FAT model
Quantiles for other values of the strike price K are given in Table 3.

Table 3 — The optimal solutions for different strike prices for FAT model.
K $255.00 $260.00 | $265.00 | $270.00 | $275.00

x* $37.77 $32.77 $27.77 $22.77 $17.77

The following fig. 6 shows graphs of the optimal investment in options for
different strike prices under the 1-period model. Similar results were obtained for
the n-period model.

Conclusions. In the course of this work, the application of the investor
problem to securities trading in single-period and multi-period models were
analyzed. Numerical results for optimal investment in European call options on
the Apple Inc. stocks are demonstrated.

The results of the paper were used to develop recommendations for making
decisions about optimal investments in the financial market of securities.
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Figure 6 — Comparing optimal investments for different models of financial
markets
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